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Removal of Undesired Wavefields Related to
the Casing of a Microwave Scanner

Peter M. van den Berg and Jacob T. Fokkema

Abstract—This paper deals with the scattered field data mea-
sured by a closed microwave scanner and discusses the removal
of the effects of the metal casing as a preprocessing step before ac-
tual inversion of the data can take place. It is shown that Rayleigh’s
reciprocity theorem furnishes a relation between the scattered field
data obtained in the closed microwave scanner and the scattered
field data as if they were obtained by an open scanner without
the metal casing. This relation leads to a system of linear equa-
tions, from which the desired scattered field data with respect to
the equivalent open scanner are obtained.

Index Terms—Inverse scattering, microwave scanner,
reciprocity.

I. INTRODUCTION

FOR biomedical applications, a number of quantitative mi-
crowave imaging algorithms have been discussed, where

the object under consideration is assumed to be embedded in an
infinite homogeneous medium. Inverse methods, to image the
objects quantitatively, are very expensive in terms of the cost of
the numerical operations. Recently, for a homogeneous back-
ground, some effective inversion procedures [1] have been de-
veloped, where, due to the convolutional structure of the Green
functions, the underlying algorithm is very efficient as far as
computational operations are concerned. For the case of an ob-
ject located in a homogeneous environment of infinite extent,
the scattered field response is conveniently expressed in con-
trast-source type of integral operators. In view of the convolu-
tion structure of these operators, they are efficiently computed
with fast Fourier transform (FFT) routines. This feature facili-
tates the inversion of complex problems.

In most practical situations, the embedding cannot be assumed
tobehomogeneouswithinfiniteextent.Forexample,at theCentre
National de la Recherche Scientifique (CNRS)/Supélec, Paris,
France [2], [3], a cylindrical 434-MHz closed microwave scanner
hasbeendeveloped.Thissystemconsistsofawater-filledcircular
cavity with metal casing in which a number of transmitting/re-
ceiver dipoles are regularly spaced on a circle of slightly smaller
diameter. At the cross section of interest, it is assumed that both
the body and sources are cylindrical along the scanner axis so
that one suffices with a two-dimensional (2-D) TM scalar field
problem,wherethefundamental fieldquantity is theelectric-field
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component parallel to the scanner axis. In modeling the field in-
side this scanner, Geffrin [2] has taken into account the effects of
the metallic casing by computing the Green function of a metallic
circular cavity. As far as the computational burden in comparison
to the problem with a free-space Green function (of the homoge-
neousembedding of infinite extent) is concerned, the convolution
structure has been lost and the necessary computation time and
computer storage for the modeling of the fields may increase dra-
matically. To avoid this problem, Tijhuis and Franchois [4] have
modified their inversion algorithm such that, in each iteration, a
forward solver with a free-space Green function can be used. This
is achieved by applying in each iteration a proper embedding ap-
proach, where the influence of the metal casing is taking into ac-
count by changing the sources of the transmitting field.

In order to be able to use inversion algorithms, developed for
objects in homogeneous embedding, without any change, we
present a preprocessing procedure in which the scattered field
data of the closed scanner are replaced by the scattered field data
from an open scanner. The sources that generate the wave fields
are unchanged. The removal of undesired wavefields related to
the metal casing has to be effected without changing any relevant
scattered field information of the object to be probed. In relation
to a similar marine seismic problem, Fokkema and Van den
Berg [5] and van Borselen et al. [6] have shown that Rayleigh’s
reciprocity theorem furnishes the tool for this removal. In such a
theorem, the interaction of two nonidentical states is considered.
One state is identified with the actual situation, while the other
is the desired one; in our case, the same scanner, but without the
metal casing. This procedure does not require any information
about the object to be probed, neither structural nor material.
The removal procedure finally boils down to an inversion of
a matrix. It is anticipated that the computational cost of this
matrix is relatively quite cheap with respect to the total cost of
the inversion algorithm to image the object quantitatively.

II. 2-D TM FIELD PROBLEM

We use as the position vector in . We consider harmonic
waves with radial frequency and use the complex field repre-
sentation with the time factor , where is the
complex Laplace parameter, with , and is the imagi-
nary unit. Let denote the domain of the scattering object(s).
The objects are nonmagnetic and the sources are of an electric
type. Assume that is irradiated by an incident field ,
then the total field at position satisfies the modified
Helmholtz equation

(1)
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Fig. 1. Closed microwave scanner configuration with transmitter at x

(denoted by the symbol �) and receiver at x (denoted by the symbolr).

where denotes the source distribution. Further, the propagation
coefficient is given by

(2)

where denotes the complex wave speed. In case of the
presence of a metal casing in the microwave scanner, the field
satisfies the boundary condition that at the metal casing.
For an open scanner, the field should be regular at infinity, sat-
isfying the radiation conditions.

In view of the circular structure of the acquisition and the
configuration of the microwave scanners, we introduce a polar
coordinate system . In this polar coordinate system,
the source position is given by , while the re-
ceiver position is given by (see Figs. 1 and 2).
In each circular section, where the medium is homogeneous and
no sources are present, for all , two independent types
of wavefield constituents exist, viz.

(3)

which is regular at , and

(4)

which is regular at . Both type of field constituents are
solutions of the homogeneous wave equation (1). The functions

and are modified Bessel functions of order and of
the first and second kinds, respectively. The field constituents
are used extensively in the relation between the fields occurring
in the closed and open microwave scanners. Before discussing
the fields in these two cases in more detail, we first formulate
Rayleigh’s reciprocity relation.

Fig. 2. Open microwave scanner configuration with transmitter atx (denoted
by the symbol �) and receiver at x denoted by the symbolr).

III. RECIPROCITY RELATION BETWEEN TWO

DIFFERENT STATES

In a reciprocity theorem, we consider a time-invariant
bounded domain in space in which two field states occur.
The two states will be distinguished by the superscripts and

, respectively. The boundary surface of is denoted by ;
the normal vector on is directed away from . State

is characterized by the source distribution generating
a wave field . Similarly, state is characterized by the
source distribution and wave field . In both cases, the
interior medium properties are the same. In the domain
under consideration, the wave equations for states and are

(5)

(6)

respectively. In the reciprocity relation, the interaction quantity
between the two states is

(7)

Using wave equations (5) and (6), we arrive at the local reci-
procity relation

(8)

Using Gauss’ theorem, we obtain the global form

(9)

where denotes the spatial derivative in the direction of the
normal to . We note that (9) is Rayleigh’s reciprocity the-
orem for the domain when the internal medium properties
of the two states are the same (Rayleigh [7]; he denoted it as
Helmholtz’ theorem).
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We subsequently define the two field states in more detail. In
particular, state characterizes the field state inside a closed
microwave scanner and state characterizes the field state in
an open scanner.

A. State A: The Wave Field Inside a Closed Scanner

Define state as the field in the closed scanner, where this
field is generated by a source at and source strength

, i.e.,s

(10)

The incident field in the scanner is defined as the field in absence
of the object . This incident field consists of a direct field
from the source and a reflected contribution due to the presence
of the metal casing at (see Fig. 1). Since this incident field
is regular at , we write this field in the form

(11)

where the first term is the direct field from the source at
and the second term (with reflection factor ) is the contri-
bution due to the presence of the metal casing at . Note
that, in view of the addition theorem of Bessel functions, we
may write

(12)
where and . In view of the
boundary condition that at the casing (for ),
the reflection factor is obtained as

(13)

From the experiments of the fluid-filled scanner without the
presence of object , the source strength is obtained from
the average value of all measurements as

(14)

where and . From this
relation, the quantity can be determined robustly. With this
value for , the incident field in the fluid-filled scanner with no
object is completely described.

The scattered field of state is defined as the field caused by
the presence of the object , hence,

(15)

Let describe a circle that completely encloses the object
. We assume that is always less than both and . In

the homogeneous domain outside the object ,

this scattered field can then be decomposed in the wave con-
stituents of both the type of (4) and (3). We write this scattered
field as

(16)

The factor represent the reflection factor due to the metal
casing. In view of the boundary condition that and

at the metal casing for , the scattered field
vanishes there as well, hence, the reflection factor

is obtained as

(17)

Note further that the denominator at the right-hand side of (16)
is added for convenience to arrive at the situation that, at the
receiver level , we have

(18)

Hence, the coefficients are the Fourier coefficients
of the scattered field data as far as the transform with respect to
the receiver coordinates is concerned. Using the inverse Fourier
transform, we observe that the quantity follows from
the measured data as

(19)

B. State B: The Wave Field Inside an Open Scanner

Define state as the desired field in the equivalent open
scanner, where this field is generated by a source at the receiver
location [see Fig. (2)] and source strength , i.e.,

(20)

In state , the source and receiver locations are interchanged.
This means that the sources are at and the receivers are
at . Now, the incident field consists of a direct field from the
source only so that this field is simply written as

(21)

with

(22)

where and .
Let the scattered field be defined as

(23)
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Again let describe a circle that completely encloses the
object . In the homogeneous domain outside
the object , this scattered field can then be written as

(24)
Note further that the denominator at the right-hand side of (24)
is added for convenience to arrive at the situation that, at the
level , we have

(25)

Hence, the coefficients are the Fourier coefficients
of the scattered field data as far as the transform with respect to
the receiver coordinates (in this case, ) is concerned. Using
the inverse Fourier transform, we observe that the quantities

may be obtained from the data as

(26)

IV. REMOVAL PROCEDURE

To relate the two states described in the previous section to
each other, we apply the global reciprocity relation of (9) to the
source-free domain so that we obtain the relation

(27)

and substitute in this relation the expressions for
and to arrive at the “propagation

invariant”

(28)

where

(29)

and

(30)

(31)

(32)

while

(33)

(34)

(35)

Using the relations

(36)

(37)

which directly follow from (29), and

(38)

which follows from the Wronskian for modified Bessel func-
tions ([8, form. 9.6.15]), we obtain

(39)

We now apply the inverse Fourier transform with re-
spect to , and subsequently
apply the inverse Fourier transform with respect to

to all terms of (39). With
the definitions

(40)

(41)

we arrive at

(42)

which is, for each , an infinite system of equations, from which
has to be solved. This system of equations is written as

(43)

with the system matrix

(44)

the known vector

(45)
and the unknown vector

(46)
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The formal solution of (43) is obtained as

(47)

where is the diagonal unit matrix. With this solution, the
scattered field in the open microwave scanner is obtained from
(25), where the coefficients in accordance to (41)
are given by

(48)

When we substitute this result into (25), we obtain the scat-
tered field data . Using the standard source/re-
ceiver reciprocity, we obtain the desired scattered field data of
the equivalent open microwave scanner as

(49)

The scattered field data for the equivalent open scanner can be
used as input for the inversion algorithms dealing with objects
in a homogeneous embedding of infinite extent.

We remark that inversion schemes based on local type of field
solutions, like finite elements or finite differences, do not benefit
from the present procedure. In order to bound the domain of
computation, there may be a strong preference to operate with
the closed scanner.

In the case that we are dealing with experimental scattered
field data obtained in an open microwave scanner, and one
prefers an equivalent closed scanner so that local type of
field solutions may be applied efficiently, then we need a
preprocessing step to replace the open scanner by an equivalent
closed scanner. This is discussed in Section V.

V. REPLACEMENT OF AN OPEN MICROWAVE SCANNER

BY A CLOSED ONE

We start with the remark that (42) yields the relation between
the open and closed scanners. However, now we envisage it, for
each , as an infinite system of equations, from which
has to be solved. This follows immediately by rearranging this
equation as follows:

(50)

This system of equations is written as

(51)

with the system matrix

(52)

the known vector

(53)

and the unknown vector

(54)

The formal solution of (51) is obtained as

(55)

With this solution, the scattered field in the closed microwave
scanner is obtained from (18), where the coefficients
in accordance to (40) are given by

(56)

and, consequently, we obtain the scattered field data
as [cf. (18)]

(57)

The scattered field data for the equivalent closed scanner can
now be used as input for inversion algorithms dealing with the
local type of field solutions.

VI. CONCLUSIONS

In this paper, we have shown that the scattered field data ob-
tained in a closed microwave scanner and the scattered field
data obtained by an equivalent open scanner are related to each
other via Rayleigh’s reciprocity theorem. When the scattered
field data from one type of scanner is known, the scattered field
data from the other type of scanner is obtained by carrying out a
simple processing step, which involves an inversion of a system
of linear equations. In practice, the number of sources that gen-
erate the fields and the number of receivers that measure the
fields are limited. This means that all the numbers , , and
have a bounded range. The Fourier inversion integrals have to
be replaced by finite summations as well. The several summa-
tions can be carried out efficiently with standard FFT routines.

We finally mention that equivalent problems in acoustics,
elastodynamics, and three-dimensional (3-D) electromagnetic
may be analyzed in a similar way using Rayleigh’s reciprocity
theorem for acoustic waves, Betti’s reciprocity for elastody-
namics, and Lorentz’ reciprocity theorem for electromagnetic
waves, respectively. A fine overview of these reciprocity theo-
rems with a number of applications can be found in De Hoop’s
handbook [9].
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